Abstract. Since a paper by J.P.Rosay and W.Rudin from 1988 there has been an open question whether all Fatou-Bieberbach domains are Runge. We give an example of a Fatou-Bieberbach domain Ω in C 2 which is not Runge. The domain Ω provides (yet) a negative answer to the problem of Bremermann.
Introduction
We give a negative answer to the problem, initially posed by J.P. Rosay and W. Rudin in [6] and later in [2] , as to whether all Fatou-Bieberbach domains are Runge: Theorem 1. There is a Fatou-Bieberbach domain Ω in C * × C which is Runge in C * × C but not in C 2 .
A Fatou-Bieberbach domain is a proper subdomain of C n which is biholomorphic to C n , and a domain Ω ⊂ C n is said to be Runge (in C n ) if any holomorphic function f ∈ O(Ω) can be approximated uniformly on compacts in Ω by polynomials.
It should be noted that although the domain Ω is not Runge it still has the property that the intersection of Ω with any complex line L is simply connected: Let V be a connected component of Ω ∩ L, let Γ ⊂ V be a simple closed curve , and let D denote the disk in L bounded by Γ. Since Γ is null-homotopic in Ω we have that D is contained in C * ×C and so the claim follows from the fact that Ω is Runge in C * ×C. Intersecting Ω with a suitable bounded subset of C 2 this gives a negative answer to the Problem of Bremermann. Negative answers to this problem have also recently been given in [1] and [4] . On can infact show, using an argument as above together with the argument principle, that if R is a smoothly bounded planar domain and if ϕ(R) is a holomorphic embedding of R into C 2 with ϕ(∂R) ⊂ Ω, then ϕ(R) ⊂ Ω. The idea of the proof is the following: Observe first that if Ω is a Fatou-Bieberbach domain in C 2 which is Runge, then Ω has the property that if Y ⊂ Ω is compact then its polynomially convex hull
is contained in Ω. To prove the theorem we will construct a domain Ω such that
We say that the set Y is holomorphically convex if Y * = Y . We will first construct (a construction by Stolzenberg) a holomorphically convex compact set Y ⊂ C * × C having the property that Y ∩ ({0} × C) = ∅. Y is the disjoint union of two disks is C * × C. We will then use the fact that C * × C has the density property to construct a Fatou-Bieberbach domain Ω ⊂ C * × C such that Y ⊂ Ω. The domain Ω cannot be Runge.
A few words about the density property and approximation by automorphisms. As defined in [9] , a complex manifold M is said to have the density property if every holomorphic vector field on M can be approximated locally uniformly by Lie combinations of complete vector fields on M. It was proved in [9] that C * × C has the density property. In Andersén-Lempert theory the density property corresponds to the fact that in C n every entire vector field can be approximated by sums of complete vector fields. This has been studied also in [10] .
Using the density property of C * × C one gets as in [2] (by copying their arguments):
Assume that ϕ 0 = Id, and assume that each domain Ω t = ϕ t (Ω) is Runge in C * × C. Then for every t ∈ [0, 1] the map ϕ t can be approximated on Ω by holomorphic automorphisms of C * × C. In the proof of Theorem 1 we will construct such an isotopy.
We will let π denote the projection onto the first coordinate in C * × C and in C 2 , and we will let B ε (p) and △ ε (p) denote the open ball and the open disk of radius ε centered at a point p.
Before we proceed with the construction, we give two lemmas concerning polynomial convexity.
1.1. Lemma. Let D ⊂ C be a smoothly bounded disk such that the origin is not con-
. For any positive R ∈ R we have by the Oka-Weil theorem that f is approximable on D × △ R (0) by polynomials, and so p / ∈ Z. This shows that Z ⊂ Z * .
Proof. Let Y CP SH denote the hull of Y with respect to the continuous plurisubharmonic functions on C * × C. By [5] we have that
For a compact set X ⊂ C * × C we have that X CP SH = X * (se for instance [3] ) and the result follows.
construction of the set Y and projections
We start by defining a certain rationally convex subset Y of C 2 . The set will be a union of two disjoint polynomially convex disks in C * × C, but the polynomial hull of the union will contain the origin. This construction is taken from [8] , page 392-396, and is due to Stolzenberg [7] .
Let Ω 1 and Ω 2 be simply connected domains in C with smooth boundary, such that if
Require that ∂Ω 1 and ∂Ω 2 meet only twice, that I − ⊂ Ω 1 , I + ⊂ Ω 2 , and, finally, that ∂Ω 1 ∪ ∂Ω 2 be the union of the boundary of the unbounded component of C \ (∂Ω 1 ∪ ∂Ω 2 ), together with the boundary of the component of this set that contains the origin. Let the intersections of the boundaries be the points i and −i.
We define
w is real and lies in [1, 2] },
Note that X 1 and X 2 are totally real annuli, that they are disjoint, and that the origin is contained in the polynomial hull of X 1 . Next we want to remove pieces from X 1 and X 2 to create two disks. DefineṼ
The set Y will be defined as
Let us describe what Y 1 and Y 2 looks like over I − and I + respectively. By the equations we see that these sets are contained in R 2 . Let (x, y) denote the real parts of (z, w). Over I − we have that Y 1 is the union of the two sets defined by
Over I + we have that Y 2 is the union of the sets defined by
From these equations we see that Y 1 and Y 2 are disks. We have that ( * * ) Y contains the origin because of the following: We already noted that the origin is contained in X 1 , so the claim follows from ( * ) and the following Lemma [8] , page 392: Let X 1 and X 2 be compact sets in C N , and let S 1 and S 2 be relatively open subsets of X 1 and X 2 respectively. Let S 1 ∩ S 2 = ∅, and suppose that
-
----------
We define an isotopy ϕ : [0, 1] × C 2 → C 2 of linear automorphisms by
Let M t denote the set M t = C \ π(ϕ t (Y 1 )) and let N t denote the set N t = C \ π(ϕ t (Y 2 )).
2.1. Lemma. For small enough t > 0 we have that ϕ
and that ϕ
For small enough t > 0 we have that the origin is contained in the unbounded component of both M t and N t .
Proof. This follows from (a), (b), (c) and (d) above, and the fact that M t → ∂Ω 2 and N t → ∂Ω 1 as t → 0.
Proof of Theorem 1
It is proved in [8] that the set Y is rationally convex. For our construction we need to know that Y is holomorphically convex, so we prove the following:
Proof. We see that C \ π(Y ) consists of four connected components. Let U o and U I denote the components that contain the origin and infinity respectively. Let U − denote the component with I − ⊂ ∂U − and let U + denote the component with I + ⊂ ∂U + . Note first that (π −1 (U I )) ∩ Y * and (π −1 (U o )) ∩ Y * are trivial. This is clear by Runge's theorem. We need to prove that the hull is trivial over U − , U + , ∂U − , ∂U + , ∂U o and ∂U I . By assumption all boundary components are contained in ∂U I ∪ ∂U o .
We start by showing that the hull is trivial over the smooth points in the boundaries. The argument will be the same for each component, so we show it only for one of them.
. And so there is an ε > 0 such that p π −1 (△ε(z 0 ))∩Y < . On the other hand there is a polynomial m(
If we choose k big enough it is clear that |g k (z, w)| < for all (z, w) ∈ Y and g k (z 0 , w 0 ) = 1. Dealing with points in ∂U I we would choose a polynomial m(z) instead of m( (1) in Lemma 2.1 we have that V t is the unbounded component of C \ ϕ 1 t (Z) if t is small. If t is small enough we also have that ϕ 1 t (z 0 , w 0 ) is contained in V t . By assumption we have that ϕ t (z 0 , w 0 ) ⊂ ϕ t (Z), and this is a contradiction. The corresponding argument for the component U + shows that π −1 (U + ) ∩ Y * = ∅. Lastly we conclude from Rossi's local maximum principle that the hull needs to be trivial also over the non-smooth parts of the boundaries (which is {−i, i}).
The same proof as just given, if applied to Y 1 and Y 2 separately, shows that they are in fact both polynomially convex (which is also a part of Stolzenbergs original construction).
3.2.
Lemma. Let p = (z 0 , w 0 ) ∈ C * × C and let ε > 0. Then there exists an automorphism ψ of C * × C such that ψ(Y ) ⊂ B ε (p).
Proof. As described in the introduction the lemma will be proved if we can find a neighborhood N of Y and an isotopy ψ t : [0, 1] × N → C * × C of biholomorphisms such that ψ t (N ) is Runge in C * × C for all t, and such that ψ 1 (Y ) ⊂ B ε (p). If we can find an isotopy ψ t such that Re(z) < −1 for all z ∈ π(ψ 1 (Y 1 )) and such that Re(z) > 1 for all z ∈ π(ψ 1 (Y 2 )) the remaining part is quite easy, so let us only show this.
Consider first the isotopy ξ t defined by (t, z, w) → (z, w −t) near Y 1 , and the identity near Y 2 . From the definitions of Y 1 and Y 2 we see that ξ t (Y 1 ) ∩Y 2 = ∅ for all t ∈ [0, ∞). It is clear that we can repeat the arguments in the proof of Lemma 3.1 almost word for word to show that ξ t (Y ) is holomorphically convex for each t. We may then choose neighborhoods N 1 and N 2 of Y 1 and Y 2 respectively such that ξ t (N 1 ) ∩ N 2 = ∅ and ξ t (N 1 ∪ N 2 ) is Runge in C * × C for all t ∈ [0, ∞). To see why this last claim is true one could for instance embed C * × C into C 3 and apply Lemma 2.2 in [2] . The fact that we can separate Y 1 and Y 2 simply by shifts like this shows that it is enough to consider each component Y i separately.
Using the isotopy from Lemma 2.1 we can get that the unbounded complementary component of π(ϕ t (Y i )) contains the origin for i = 1, 2. We may then finish the proof by using isotopies of linear shears in the z-direction.
